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We establish a set of resource conversion relationships between quantum coherence and multipartite entan-
glement in many-body systems, where the operational measures of resource cost and distillation are focused.
Under the multipartite incoherent operation, the initial coherence of single-party system bounds the maximal
amounts of corresponding operational entanglement in an arbitrary bipartite partition as well as the genuine
multipartite entanglement in many-body systems. Furthermore, the converted multipartite entanglement can be
transferred to its subsystems and restored to coherence of a single party by means of local incoherent operations
and classical communications, which constitutes a protocol of resource interconversion within the full incoher-
ent operation scenario. As an example, we present a scheme for cyclic interconversion between coherence and
genuine multipartite entanglement in three-qubit systems without the loss. Moreover, we analyze the property of
bipartite and multipartite genuine multi-level entanglement by the initial coherence and investigate multipartite
resource dynamics in the conversion.
PACS numbers: 03.67.-a, 03.67.Mn, 03.65.Yz
I. INTRODUCTION
Quantum entanglement [1, 2], as an important physical
resource, has been widely applied to quantum communica-
tion and quantum computation, such as quantum teleportation,
quantum key distribution, one-way quantum computation and
so on (see a review paper [3]). In recent years, quantum coher-
ence [4, 5] has also been formulated as a physical resource in
quantum information processing and becomes a vivid research
topic [6, 7]. Both kinds of the resources can be considered as
the particular manifestation of the superposition principle in
quantum mechanics, and their interplay has attracted a lot of
attention. For example, the resource consumption in the tasks
of quantum state preparation and quantum state merging [8]
can be quantified by pairs of quantum coherence and entan-
glement [9, 10]. Moreover, unified characterization and oper-
ational relations between the two kinds of resource measures
were analyzed [11–15].
It is a practical problem to investigate the resource con-
version between quantum coherence and entanglement under
certain operation constraints. Streltsov et al first showed that
single-party quantum coherence with respect to some fixed
basis can be converted to entanglement via bipartite inco-
herent operations [16]. On the other hand, Chitambar et al
provided the upper bound of assisted coherence distillation
(ACD) from bipartite systems to one of the subsystems by
local quantum incoherent operations and classical communi-
cations (LQICC) [17]. Other effective resource conversion
methods for nonclassicality, quantum correlations and nonlo-
cality were also presented [18–20], and some key experimen-
tal progress have been made in the optics and superconducting
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systems [21–24].
In the quantum resource theory (QRT) [25], there are two
basic operational processes: one is the so-called resource dis-
tillation, and the other is resource formation. Motivated by
these processes, Winter and Yang established operational re-
source theory of coherence by focusing on the distillable co-
herence and coherence cost [26], which correspond to the
distillable entanglement [27] and entanglement cost [28] in
the QRT of entanglement. It is desirable and necessary to
study the operational resource conversion between quantum
coherence and entanglement, especially in multipartite sys-
tems. Moreover, it is noted that the ACD in the LQICC
scenario can generate coherence in the assisted subsystems,
since local quantum operations are not incoherent operations
in general. Thus a cyclic resource conversion of coherence-
entanglement-coherence should be considered within the full
incoherent operations scenario. In addition, since entangle-
ment in many-body systems is a complex problem, it is mean-
ingful to characterize the entanglement property via quantum
coherence in the resource conversion. Meanwhile, the re-
source dynamics of quantum coherence and multipartite en-
tanglement in the conversion needs to be addressed, because
quantum systems interact unavoidably with the environment
in realistic quantum information processing.
In this paper, we study the operational resource conversion
between quantum coherence and multipartite entanglement in
multipartite systems. In the conversion from single-party co-
herence to entanglement, we restrict the operation to multipar-
tite incoherent operations, and find that the initial operational
coherence of single party bounds not only the generated bi-
partite operational entanglement but also the genuine multi-
partite entanglement in the composite systems. Furthermore,
the converted multipartite entanglement can be transferred to
its subsystems and restored to the coherence of a single-party
subsystem by local incoherent operations and classical com-
munications (LICC) [29]. Although the bipartite operational
2entanglement and genuine multipartite entanglement in anN -
partite system are not larger than the operational coherence
of the multipartite systems, we show that the optimal resource
conversion can make the relation saturated. As a typical appli-
cation, we present a cyclic interconversion protocol between
quantum coherence and multipartite entanglement in three-
qubit systems without the loss. In addition, we show that the
coefficients of initial single-party coherent state can determine
whether the converted quantum state is genuine multi-level
entangled. Finally, under the depolarization environment, dif-
ferent resource dynamical properties are investigated in mul-
tipartite resource conversion.
II. OPERATIONAL RESOURCE CONVERSION IN
MULTIPARTITE SYSTEMS
In the QRT, a free state is the one without possessing a
defined resource, and free operation cannot generate the re-
source and maps the set of free states onto itself. In regard to
the operational resource characterization, resource distillation
is a transformation from a mixed state to the unit resource, and
resource formation is the reverse transformation from the unit
resource to a mixed state, where both of the transformations
are restricted to free operations. For entanglement theory, two
motivated measures arising from the two operational tasks are
distillable entanglement and entanglement cost [3],
Ed(ρ) = sup{r : lim
n→∞
[inf
Γ
||Γ(ρ⊗n)− Φ⊗rn2+ ||1] = 0},(1)
Ec(ρ) = inf{r : lim
n→∞
[inf
Γ
||ρ⊗n − Γ(Φ⊗rn2+ )||1] = 0}, (2)
where r is the optimal rate in the tasks, || · ||1 trace norm,
Φ2+ = |Φ+2 〉〈Φ+2 | the two-qubit Bell state |Φ+2 〉 = (|00〉 +
|11〉)/√2 (unit entanglement), and Γ(̺in) the free operation
in resource theory of entanglement [i.e., the bipartite local op-
erations and classical communications (LOCC) [30]]. It is
noted that entanglement cost is not equal to the well-known
entanglement of formation Ef (ρ) in general [31, 32].
In the coherence resource theory formulated by Baumgratz
et al [4], the free state has the form σ =
∑
i pi|i〉〈i| with {|i〉}
being a fixed reference basis in finite dimensions, and the set
of incoherent states is denoted by I. The incoherent opera-
tion is the free operation, which is specified by a set of Kraus
operators {Kl} satisfying
∑
lK
†
lKl = I and KlIK†l ⊂ I
for all l. The unit coherence resource is the maximal coherent
single-qubit state Ψ2 =
1
2
∑1
i,j=0 |i〉〈j|. The framework can
be further generalized to multipartite scenario, in which the
N -partite incoherent state has the form [11] σ =
∑
~i p~i|~i〉〈~i|,
in which |~i〉 = |i1〉⊗ |i2〉⊗ · · · |in〉 with |ik〉 being a pre-fixed
local basis of the kth subsystem. The N -partite incoherent
operation can also be expressed by a set of Kraus operators,
where each incoherent operator maps the set of N -partite in-
coherent state onto itself (see the details in Appendix A).
The coherence distillation is the process that extracts unit
coherence from a mixed state by incoherent operations, and
the dual coherence formation is a process that prepares a
mixed state by consuming unit coherent states under incoher-
ent operations. In the asymptotic limit of many copies of a
state, it is shown that distillable coherence and coherence cost
can be quantified by simple single-letter formulas [26]
Cd(ρ) = Cr(ρ) = S(∆(ρ)) − S(ρ), (3)
Cc(ρ) = Cf (ρ) = min
∑
i
piS(∆(ψi)), (4)
where Cr(ρ) is the relative entropy of coherence [4] with
S(ρ) = −Trρlog2ρ being the von Neumann entropy and
∆(ρ) =
∑
i〈i|ρ|i〉|i〉〈i|, and Cf (ρ) is the coherence of for-
mation with the minimum running over all the pure state de-
compositions ρ =
∑
i pi|ψi〉〈ψi|.
A. Converting operational coherence to multipartite
entanglement via multipartite incoherent operation
Quantum coherence and entanglement are two kinds of fun-
damental nonclassical resources that can each be character-
ized within an operational resource theory. It is desirable
to study the operational resource conversion between them.
The conversion from quantum coherence to entanglement via
bipartite incoherent operations was first studied by Streltsov
et al, where two resources are quantified by distance-based
measures such as relative entropy and Uhlmann fidelity [16].
Based on bipartite incoherent operations, Zhu et al further
gave the conversion relationship between coherence and en-
tanglement quantified by measures of convex-roof extension,
l1-norm of coherence and negativity [13, 14].
Here, motivated by resource distillation and recourse cost,
we study the operational resource conversion between coher-
ence and entanglement in multipartite systems. It should be
noted that the multipartite incoherent operation is not equiva-
lent to that of the bipartite case in general, and we can obtain
the following theorem.
Theorem 1. Given a multipartite incoherent operation ΛI
applied to a single-party coherent state ρA and an ancillaryN -
partite incoherent state σB1B2...Bn , the generated operational
entanglements are upper bounded by the operational coher-
ences of single-party system
Cd(ρA) ≥ Ed [ΛI(ρA ⊗ σB1B2...Bn)] , (5)
Cc(ρA) = Cf (ρA) ≥ max{Ec[ΛI(ρA ⊗ σB1B2...Bn)],
Ef [ΛI(ρA ⊗ σB1B2...Bn)]}, (6)
where the coherent state has the form ρA =
∑
mn ρmn|m〉〈n|
and the operational entanglements are in an arbitrary bipar-
tite partition α|α¯ for the multipartite systems with α⋃ α¯ =
{AB1B2 . . . Bn}.
Proof.— We first prove the relation in Eq. (5). Since the
distillable coherence is equal to the relative entropy of coher-
ence [26], we have
Cd(ρA) = S(ρA‖σA)
= S(ρA ⊗ σB1B2...Bn‖σA ⊗ σB1B2...Bn)
≥ S[ΛI(ρA ⊗ σB1B2...Bn)‖ΛI(σA ⊗ σB1B2...Bn)]
≥ Er(ΛI(ρA ⊗ σB1B2...Bn))
≥ Ed(ΛI(ρA ⊗ σB1B2...Bn)), (7)
3where σA is the closest incoherent state to ρA in the first equa-
tion, the additive and contractive properties of relative en-
tropy [33, 34] are used in the second equation and the first
inequality, the result of the second inequality comes from the
definition of the relative entropy of entanglement, and the
last inequality is due to the fact that the relative entropy of
entanglement is the upper bound of distillable entanglement
[35, 36]. In the first inequality of the proof, the quantum state
ΛI(σA ⊗ σB1B2...Bn) is multipartite incoherent which is also
(N + 1)-partite separable. Therefore, the distance of rela-
tive entropy in the first inequality is not less than the bipartite
relative entropy of entanglement Er in the second inequality
where the separable state can be chosen in an arbitrary bi-
partite partition α|α¯ such as A|B1B2 · · ·Bn, AB1|B2 · · ·Bn,
AB1B2| · · ·Bn and so on, which further results in the last in-
equality in Eq. (7) being satisfied for the corresponding bipar-
tite partition. Then, we prove the second relation in Eq. (6).
Because the equality Cc(ρA) = Cf (ρA) and the additivity of
coherence of formation, we can obtain
Cc(ρA) = Cf (ρA ⊗ σB1B2...Bn)
≥ Cf [ΛI(ρA ⊗ σB1B2...Bn)]
= lim
n→∞
1
n
Cf
[
ΛI(ρA ⊗ σB1B2...Bn)⊗n
]
≥ lim
n→∞
1
n
Ef [ΛI(ρA ⊗ σB1B2...Bn)⊗n]
= Ec[ΛI(ρA ⊗ σB1B2...Bn)], (8)
where the monotone property of Cf under incoherent oper-
ations is used in the first inequality, the second inequality
holds due to the property Cf (̺) ≥ Ef (̺) [13] with the en-
tanglement quantified in an arbitrary bipartite partition α|α¯
for composite systems AB1B2 · · ·Bn, and the last equation
comes from the relation that entanglement cost is equal to
the regularized entanglement of formation [28] with the bi-
partite partition for Ec being arbitrary. Moreover, for the
case of a single copy of coherent state ρA, we can derive that
Cf (ρA) ≥ Ef (ΛI(ρA ⊗ σB1B2...Bn)) by a similar analysis
and the bipartite partition for Ef is also arbitrary. Although
the two operational entanglements Ec(̺) 6= Ef (̺) in general
[32], we can get that, given a multipartite incoherent opera-
tion ΛI , the coherence of formation Cf (ρA) is not less than
the maximum of operational entanglements for any bipartite
partition in the multipartite system AB1B2 · · ·Bn and then
Eq. (6) is satisfied, such that we complete the proof of the
theorem.
Compared with bipartite entanglement, the characterization
of multipartite entanglement is much more complicated. A
multipartite quantum state is said to be genuine multipartite
entangled if it can not be written as a convex combination of
biseparable states with respect to any bipartite partition [37–
39]. For the quantification of entanglement in many-body sys-
tems, there exist a kind of genuine multipartite entanglement
(GME) measures generalized by bipartite entanglement mea-
sures [40, 41],
EGME(|ψ〉) = min{α}Eα(|ψ〉), (9)
where |ψ〉 is an N -partite pure state and α represents all pos-
sible bipartite partitions α|α¯ in the composite systems. When
the bipartite measure E is chosen to be the operational entan-
glementEd andEf , we can obtain the GMEmeasuresE
GME
d
andEGMEf . In Theorem 1, when the initial coherent state and
final output state after the operationΛI are pure states, we can
get the following conversion relations.
Corollary 1. In the operational resource conversion be-
tween single-party coherence and multipartite entanglement,
the GME measures quantified via Ed and Ef are upper
bounded by the operational coherences,
Cd(|φ〉A) ≥ EGMEd (|ψ〉AB1B2···Bn), (10)
Cf (|φ〉A) ≥ EGMEf (|ψ〉AB1B2···Bn), (11)
where |φ〉A is the initial coherent pure state and |ψ〉AB1B2···Bn
is the output state under the multipartite incoherent operation
ΛI(|φ〉〈φ|A ⊗ σB1B2···Bn) with an N -partite incoherent state
being ancillary.
Proof.—According to Theorem 1, we know that the single-
party distillable coherence Cd(|φ〉A) is the upper bound on
the distillable entanglement Ed(|ψ〉AB1B2···Bn) in an arbi-
trary bipartite partition of the multipartite systems. Therefore,
Cd(|φ〉A) is not less than Ed(|ψ〉α|α¯) which is the minimal
bipartite distillable entanglement, and then we can obtain the
inequality in Eq. (10) based on the definition of EGMEd . The
situation for coherence of formation Cf (|φ〉A) is similar and
we can derive the inequality in Eq. (11) after analyzing the
relation between EGMEf and Ef in multipartite systems.
The GME measure in Eq. (9) can be generalized to mixed
states by the convex roof extension [40]. For example, the
GME based on entanglement of formation Ef can be quanti-
fied by
EGMEf (ρ) = inf{pi,|ψi〉}
∑
i
piE
GME
f (|ψi〉), (12)
where the minimum runs over all the pure state decomposi-
tions ρ =
∑
i pi|ψi〉〈ψi|. Although the GME measure for
mixed state can be constructed by distillable entanglement,
we do not utilize EGMEd (ρ) to characterize the multipartite
entanglement in the operational resource conversions sinceEd
is not a measure based on the convex roof construction of pure
state measure. We consider the multipartite relative entropy of
entanglement which has the form [42]
EMr (ρ) = min
σs∈D
S(ρ||σs), (13)
where S(x||y) ≡ −tr(xlogy) + tr(xlogx) is the relative en-
tropy with σs =
∑
i pi|ϕi1〉〈ϕi1| ⊗ |ϕi2〉〈ϕi2| ⊗ · · · ⊗ |ϕin〉〈ϕin|
being the element of the N -partite separable state set D. In
the resource conversion of mixed states, we have the follow-
ing theorem.
Theorem 2. Given a multipartite incoherent operation ΛI
applied to a single-party coherent state ρA and an ancillaryN -
partite incoherent state σB1B2···Bn , the generated multipartite
entanglements are upper bounded by the operational coher-
ences of initial quantum state
Cd(ρA) ≥ EMr [ΛI(ρA ⊗ σB1B2···Bn)], (14)
Cf (ρA) ≥ EGMEf [ΛI(ρA ⊗ σB1B2···Bn)], (15)
4where Er is (N + 1)-partite relative entropy of entanglement
and EGMEf is the GME measure based on entanglement of
formation.
Proof.—For the single-party quantum state ρA, its distill-
able coherenceCd is equal to the relative entropy of coherence
Cr, and we have
Cd(ρA) = Cr(ρA) = S(ρA||σA)
≥ S[ΛI(ρA ⊗ σB1B2···Bn)||ΛI(σA ⊗ σB1B2···Bn)]
≥ EMr [ΛI(ρA ⊗ σB1B2···Bn)], (16)
where the additive and contractive properties of relative en-
tropy are used in the first inequality, and the second inequality
is satisfied due to ΛI(σA ⊗ σB1B2···Bn) being an (N + 1)-
partite incoherent state which is a multipartite separable state.
For the coherence of formation, we can obtain
Cf (ρA) ≥ Cf [ΛI(ρA ⊗ σB1...Bn)]
=
∑
i
piCf (|ψ′i〉AB1B2···Bn)
≥
∑
i
piEf (|ψ′i〉α|α¯)
≥
∑
i
piE
GME
f (|ψ′i〉AB1B2···Bn)
≥ EGMEf [ΛI(ρA ⊗ σB1...Bn)], (17)
where the additive and contractive properties are used in the
first inequality, the optimal pure state decompositionΛI(ρA⊗
σB1...Bn) =
∑
i pi|ψ′i〉〈ψ′i|AB1B2···Bn for coherence of for-
mation is utilized in the next equality, the second inequality
holds due to the property Cf (|ψ′i〉) ≥ Ef (|ψ′i〉) with the en-
tanglement in an arbitrary bipartite partition α|α¯, the last two
inequalities come from the definition of multipartite entangle-
ment EGMEf for pure states and mixed states, and then we
complete the proof.
Entanglementmonogamy is an important property in many-
body quantum systems, which gives the trade-off relations on
the distribution of entanglement among different subsystems
[43–47]. As is known, the monogamy property can be used
for constructing multipartite entanglement measures and in-
dicators [43, 47–51]. For the operational entanglement mea-
sures in an N -qubit quantum state ρN = ρA1A2···An , we can
define two multipartite entanglement indicators
τMED(ρN ) = {max[0, E2d(ρA1|A¯1)−
n∑
i=2
E2d(ρA1Ai)]}
1
2 ,
(18)
τMEF (ρN ) = [E
2
f (ρA1|A¯1)−
n∑
i=2
E2f (ρA1Ai)]
1
2 , (19)
where A¯1 = A2A3 · · ·An is the subsystem other than qubit
A1. The indicators τMED and τMEF can indicate multipar-
tite entanglement which cannot be stored in two-qubit sub-
systems. The residual entanglement in τMEF is always non-
negative according to the monogamy property of squared en-
tanglement of formation [47, 51]. In Apendix B, we show
that the distillable entanglement is monogamous in N-qubit
pure states and some kinds of mixed states, which can be used
to indicate the existence of the genuine multi-qubit entangle-
ment when τMED is positive. In the operational resource con-
version between coherence and multi-qubit entanglement, we
have the following theorem.
Theorem 3. For a single-qubit coherent state ρA accompa-
nied by anN -qubit incoherent state σB1B2···Bn , the generated
multi-qubit entanglements via multipartite incoherent opera-
tionΛI are upper bounded by operational coherences of initial
quantum state
Cd(ρA) ≥ τMED[ΛI(ρA ⊗ σB1B2···Bn)], (20)
Cf (ρA) ≥ τMEF [ΛI(ρA ⊗ σB1B2···Bn)], (21)
where τMED and τMEF are multi-qubit entanglement indi-
cators based on distillable entanglement and entanglement of
formation.
Proof.— We first consider the distillable coherence
and multi-qubit entanglement indicator τMED and set
ρAB1B2···Bn = ΛI(ρA ⊗ σB1B2...Bn). According to Theo-
rem 1, we have
Cd(ρA) ≥ Ed(ρA|B1B2···Bn)
≥ [max{0, E2d(ρA|B1B2···Bn)−
n∑
i=1
E2d(ρABi)}]
1
2
= τMED(ρAB1B2···Bn), (22)
where in the first inequality we choose the bipartite partition
A|B1B2 · · ·Bn for the distillable entanglement, in the sec-
ond inequality the nonnegative property of two-qubit distill-
able entanglements. For the coherence of formation, we can
obtain
Cf (ρA) ≥ Ef (ρA|B1B2···Bn)
≥ [E2f (ρA|B1B2···Bn)−
n∑
i=1
E2f (ρABi)]
1
2
= τMEF (ρAB1B2···Bn), (23)
where the first inequality holds due to Eq. (6) in Theorem 1,
and the second inequality comes from the monogamyproperty
of squared entanglement of formation, which completes the
proof of this theorem.
Now we consider the optimal conversion from the coher-
ence to quantum entanglement via multipartite incoherent op-
erations. It was shown that the generalized controlled-not op-
eration is the optimal bipartite incoherent operation in bipar-
tite entanglement conversion [16], when the ancilla is in the
zero state |0〉. The multipartite generalized controlled-not op-
eration Umcn can realize the transformation
|i〉|j1〉 . . . |jn〉 → |i〉|(i+j1)mod d〉 . . . |(i+jn)mod d〉, (24)
which is the optimal multipartite incoherent operation ΛI in
the operational resource conversion described by the above
theorems when the state of the ancilla is σB1...Bn = |0〉〈0|⊗n.
In Appendix A, we first show that the operation Umcn is a
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partite case, and then prove its optimality for the multipartite
resource conversion in Theorem 1 and its corollary. Under the
optimal multipartite incoherent operation, the generated mul-
tipartite quantum state is Umcn[ρA ⊗ |0〉〈0|⊗nB1···Bn ]U †mcn and
can be written as
ρmcAB1B2...Bn =
d−1∑
m,n=0
ρmn|mm. . .m〉〈nn . . . n|, (25)
which is the so-called maximally correlated state (MCS) [52]
and is multipartite entangled with all its reduced states being
separable. For the case of MCS, we have the desired prop-
erties Ed(ρ
mc) = Er(ρ
mc) [53] and Ec(ρ
mc) = Ef (ρ
mc)
[54] in an arbitrary bipartite partition of multipartite systems
AB1B2 . . . Bn, which saturate the inequalities in Theorem 1
and make the resource conversions optimal. Since the sat-
urated equalities in Theorem 1 are satisfied in any bipartite
partition, we can get that the conversions between coherence
and multipartite entanglement in Corollary 1 are also optimal
according to the definition ofEGME . Moreover, the multipar-
tite generalized controlled-not operation Umcn is also optimal
for multipartite resource conversions described by Theorem
2 and Theorem 3, which make the corresponding inequalities
saturated and we give the detailed proofs in Appendix C.
B. Resource conversion from multipartite entanglement to
coherence via LICC
It is useful to establish the operational relations between
entanglement and quantum coherence. Zhu et al proved a
one-to-one map between the two kinds of resource measures
based on convex roof extension, and showed the relation
Ef (ρAB) ≤ Cf (ρAB) in bipartite quantum states [13]. For
multipartite systems, we can obtain the following theorem for
operational resource measures.
Theorem 4. In an N -partite quantum state ρN =
ρA1A2···An , the operational entanglements and quantum co-
herence are connected by the relations
Ed(ρα|α¯) ≤ EMr (ρN ) ≤ Cd(ρN ), (26)
EGMEf (ρN ) ≤ Ef (ρα|α¯) ≤ Cf (ρN ), (27)
where α|α¯ is an arbitrary bipartite partition in the composite
system, and the inequalities and bounds are saturated by the
maximally correlated states.
Proof.— For the N -partite quantum state, its distillable en-
tanglement in the partition α|α¯ is not greater than the rel-
ative entropy of entanglement Ed(ρα|α¯) ≤ Er(ρα|α¯) [35,
36]. According to the definitions of bipartite and multipar-
tite relative entropy of entanglements, we have EMr (ρN ) =
min{σs∈D}S(ρN ||σs) = S(ρN ||σNs ) = S(ρα|α¯||σα|α¯s ) ≥
Er(ρα|α¯), in which σ
N
s = σ
A1A2···An
s is the nearest N -
partite separable state for EMr and σ
α|α¯
s is the bipartite par-
tite expression of σNs . Since the set of N -partite incoher-
ent states is a subset of N -partite separable states, we can
get EMr (ρN ) ≤ Cr(ρN ) = Cd(ρN ), and then the in-
equality in Eq.(26) is satisfied. For the optimal pure state
decomposition of ρα|α¯, the bipartite entanglement of for-
mation has the property Ef (ρα|α¯) =
∑
i piEf (|ψiα|α¯〉) ≥∑
i piE
GME
f (|ψiN 〉) ≥ EGMEf (ρN ). Combining this prop-
erty with the relation Cf (ρN ) ≥ Ef (ρα|α¯), we have the
inequality in Eq.(27). Moreover, when the N -partite quan-
tum state is the MCS ρmcN =
∑
pmn|mm · · ·m〉〈nn · · ·n|,
we have Ed(ρ
mc
α|α¯) = E
M
r (ρ
mc
N ) = Cd(ρ
mc
N ) = Cd(ρA)
and EGMEf (ρ
mc
N ) = Ef (ρ
mc
α|α¯) = Cf (ρ
mc
N ) = Cf (ρA) with
ρA =
∑
pmn|m〉〈n|, which completes the proof.
Next, we consider the resource conversion from entangle-
ment to quantum coherence in multipartite systems. In Ref.
[17], the authors introduced a task of ACD in bipartite sys-
tems, where both parties work together to generate the maxi-
mal possible coherence on one of the subsystems and the op-
erations are limited to the LQICC. It is noted that the task does
not limit the output of the coherence in the assisted subsystem
and local quantum operations can generate quantum coher-
ence on the subsystem in general (for example, the projection
measurement with |±〉 = (|0〉 ± |1〉)/√2).
Here, we consider the multi-party scenario where all the
parties are in the distance labs and each local one can per-
form only single-party incoherent operations assisted by clas-
sical communication among different parties. In this situa-
tion, the local parties cannot create quantum coherence, and
this class of operations is known as the LICC [29]. Due
to local incoherent operation being a subset of local quan-
tum operation, we can get the relation LICC ⊂ LQICC for
the two classes of operations. In the cyclic resource conver-
sion, since the entanglement in multipartite systems comes
from quantum coherence via multipartite incoherent opera-
tions ΛI(ρA⊗ σB1B2···Bn), the procedure of conversion from
entanglement to quantum coherence should be restricted to in-
coherent operations. Therefore, in the distance lab paradigm,
it is desirable to confine the operations to the LICC, which
is the free operation for the resource conversion in the whole
multipartite system.
In the previous stage from single-party coherence to
multipartite entanglement, the generic output state is
̺AB1B2···Bn = ΛI(ρA ⊗ σB1B2···Bn) which is not the MCS
form under a multipartite incoherent operation assisted by an
N -partite incoherent ancilla. In this case, the relations on op-
erational entanglement and coherence are characterized by the
bounds in Theorem 4. When the local parties want to restore
the coherence to the initial party A, they can use the proto-
col of ACD via the LICC [29], and the corresponding distil-
lable coherence C
B1B2···Bn|A
LICC is upper bounded by its oper-
ational coherence Cd(̺AB1B2···Bn) since quantum coherence
is monotone under the LICC. Moreover, the ACD via LICC is
also upper bounded by the quantum-incoherent (QI) relative
entropy [9]
C
B1B2···Bn|A
LICC (̺AB1B2···Bn) ≤ CB1B2···Bn|Ar (̺AB1B2···Bn)
= minχ∈QIS(̺||χ), (28)
with χ being the QI state in the bipartition A|B1B2 · · ·Bn of
multipartite systems.
6In the following, we consider the optimal output state un-
der the multipartite incoherent operation Umcn which has the
MCS form. Due to the MCS making the inequalities in The-
orem 4 saturated, we obtain the following theorem in the re-
source conversion from multipartite entanglement to the oper-
ational coherence of single-party system.
Theorem 5. For the optimal output state under multipar-
tite incoherent operations, its operational entanglements are
equal to corresponding multipartite entanglements, which are
the upper bounds on the converted coherence via the LICC
EMr (ρ
mc
AB1B2...Bn) = Ed(ρ
mc
α|α¯)
≥ Cd
[
ΛLICC(ρ
mc
AB1B2...Bn)
]
≥ Cd(ρLICCr ), (29)
EGMEf (ρ
mc
AB1B2...Bn) = Ef (ρ
mc
α|α¯)
≥ Cf
[
ΛLICC(ρ
mc
AB1B2...Bn)
]
≥ Cf (ρLICCr ), (30)
where α|α¯ is an arbitrary bipartite partition in the multipar-
tite systems, ΛLICC is the multipartite transformation under
the LICC, and ρLICCr = Trr¯[ΛLICC(ρ
mc
AB1B2...Bn
)] is the re-
duced state of the multipartite system with r¯ being the traced
subsystem.
Proof.— According to Theorem 4, we have the relation
Ed(ρ
mc
α|α¯) = E
M
r (ρ
mc
AB1B2...Bn
) = Cd(ρ
mc
AB1B2...Bn
) for the
MCS. The first inequality in Eq. (29) is satisfied because the
distillable coherence Cd is monotone under the free operation
ΛLICC . With the relation Cd(̺) = Cr(̺) and the property
that the relative entropy of a state is not increasing after trac-
ing a subsystem out [34]
S(Trpρ||Trpσ) ≤ S(ρ||σ), (31)
where Trp is a partial trace, we can obtain the second inequal-
ity. Next, we analyze the resource conversion relations in Eq.
(30) for which we have EGMEf (ρ
mc
AB1B2...Bn
) = Ef (ρ
mc
α|α¯) =
Cf (ρ
mc
AB1B2...Bn
). The first inequality is satisfied due to the
coherence of formation being monotone under the LICC. Fur-
thermore, via the concavity of von Neumann entropy, we can
get the entropy of diagonal state ∆(ψi) is not increasing after
a partial trace, i.e.,
S (Trp∆(ψi)) ≤ S (∆(ψi)) . (32)
Combining the above property with the convexity of Cf , we
have the second inequality in Eq. (30), and then the proof of
this theorem is completed.
According to Theorem 5, we know that the converted co-
herence in multipartite systems under a general LICC is upper
bounded by the multipartite entanglement in the MCS. More-
over, since the LICC is a subset of the LOCC, the operational
quantum entanglement for any initial state in the resource con-
version is monotone under the LICC.
When the multipartite system is composed of qubits, the
multipartite entanglement indicators τMED and τMEF are the
upper bounds on the converted coherence via the LICC in the
arbitrary subsystems,
τMED(ρ
mc
AB1B2...Bn) ≥ Cd(ρLICCr ), (33)
τMEF (ρ
mc
AB1B2...Bn) ≥ Cf (ρLICCr ), (34)
where ρLICCr = Trr¯[ΛLICC(ρ
mc
AB1B2...Bn
)] is the reduced
state of the multipartite system with r¯ being the traced sub-
system.
Next, we analyze the resource conversion from multipar-
tite entanglement in the MCS to quantum coherence under the
optimal LICC. In this case, the local incoherent operation can
be chosen to be the set of Kraus operatorsKj = |j〉〈ϕj | with
|ϕ〉j = 1/
√
d
∑
k e
iφj
k |k〉 being themutually orthogonalmax-
imally coherent state and j = 0, 1, . . . d − 1 (in fact, all the
mutually unbiased bases [55–57] except for the coherence-
dependent basis can be used in the incoherent measurement).
After the incoherent measurementKj is performed on a sub-
system, the quantum state of the remained subsystems can be
transformed to the MCS form with the help of classical com-
munications (measurement result on the j) and an incoherent
unitary operation Uj =
∑
k e
iφj
k |k〉〈k| [29].
Due to the state of remained subsystem being the MCS and
having the same nonzero matrix elements, the operational en-
tanglement and coherence are transferred to the subsystem
and keep the same amount. Repeating the incoherent mea-
surement and the incoherent unitary operation on all the sub-
systems Bi, the quantum state of remained subsystem A be-
comes ρA =
∑d−1
m,n=0 ρmn|m〉〈n| and the coherence is re-
stored to the single-party subsystem. In addition, it is a sim-
ilar case to convert multipartite entanglement to the coher-
ence of an arbitrary single-party subsystem Bi. Thus, we
have completed the characterization on resource interconver-
sion between quantum coherence and entanglement in multi-
partite systems under full incoherent operations scenario.
C. Cyclic resource interconversion between operational
coherence and multipartite entanglement within the full
incoherent operation scenario
Recently, a cyclic interconversion between coherence and
quantum correlation [42, 58, 59] has been investigated exper-
imentally on bipartite optical systems [22], where the ACD
via the LQICC is utilized. When the local operations are re-
stricted to the LICC, it is desirable to generalize the cyclic
conversion to multipartite systems.
In this subsection, we show that the cyclic interconversion
can be generalized to operational resource measures for multi-
partite systems within a full incoherent operation scenario. As
shown in Fig. 1, a schematic diagram is given for the cyclic in-
terconversion protocol of coherence-entanglement-coherence
in three-qubit systems without the loss. The initial coherent
state is ρA =
∑1
m,n=0 ρmn|m〉〈n| and the states of ancillas
are σB = σC = |0〉〈0|. In the conversion from quantum
coherence to entanglement, the optimal multipartite incoher-
ent operation is the generalized tripartite controlled-not gate,
which can be realized by two controlled-not gates. Then the
7FIG. 1: (Color online) A schematic diagram for the cyclic opera-
tional resource conversion between single party quantum coherence
and genuine tripartite entanglement in three-qubit systems within the
full incoherent scenario.
output state of the tripartite systemUmcn(ρA⊗σB⊗σC)U †mcn
is the MCS and can be expressed as
ρMIABC =
1∑
m,n=0
ρmn|mmm〉〈nnn|, (35)
which is a genuine three-quibt entangled state and its multi-
partite entanglements are
EMr (ρ
MI
ABC) = τMED(ρ
MI
ABC) = Cd(ρA), (36)
EGMEf (ρ
MI
ABC) = τMEF (ρ
MI
ABC) = Cf (ρA). (37)
Thus we realize the optimal conversion from single-qubit co-
herence to genuine three-qubit entanglements via multipartite
incoherent operation.
The tripartite entanglement can be transferred to bipar-
tite systems by an incoherent measurement {Kj} with the
Kraus operators K0 = |0〉〈+| and K1 = |1〉〈−| in which
|±〉 = (|0〉 ± |1〉)/√2. Via the classical communication
(j = 0 or 1) between subsystems B and C, the observer B
performs the corresponding incoherent operation ∆j on sub-
system B where ∆0 = I2 and ∆1 = σz . After the op-
eration ∆j , the genuine three-qubit entanglement transfers
to two-qubit subsystem and its quantum state is ρLICCAB =∑1
m,n=0 ρmn|mm〉〈nn|. In this case, the operational bi-
partite entanglement and genuine three-qubit entanglement
are connected by equations EMr (ρABC) = Ed(ρ
LICC
AB ) and
EGMEf (ρABC) = Ef (ρ
LICC
AB ). Furthermore, the two-qubit
entanglement can be converted to single-party quantum co-
herence of subsystem A by a set of similar local incoherent
operations {Kj′,∆j′} assisted by classical communications
about the incoherent measurement result j′ = 0 or 1. After
these operations, the quantum state of local subsystem A has
the form
ρLICCA =
1∑
m,n=0
ρmn|m〉〈n|, (38)
which is the same as that of initial single qubit coherent state
ρA, and the operational bipartite entanglements are restored
to single-qubit operational coherence, i.e., Ed(ρ
LICC
AB ) =
Cd(ρ
LICC
A ) andEf (ρ
LICC
AB ) = Cf (ρ
LICC
A ). In a similar way,
we can choose to convert the entanglement to the single-party
coherence in subsystem B when we perform the incoherent
measurement on subsystem A.
We have shown that, within full incoherent operation sce-
nario, the single-qubit coherence and multipartite entangle-
ment can be cyclically interconverted without the loss
Cd(ρA) = E
M
r (ρ
MI
ABC) = Cd(ρ
LICC
A ), (39)
Cf (ρA) = E
GME
f (ρ
MI
ABC) = Cf (ρ
LICC
A ), (40)
where the multipartite relative entropy of entanglement and
the GME measure based on entanglement of formation are
not equal in general since the coherence resource theory is
irreversible. The cyclic resource conversion can also be gen-
eralized to multipartite multi-level systems.
III. GENUINE MULTI-LEVEL ENTANGLEMENT AND
RESOURCE DYNAMICAL PROPERTIES
Entanglement of high-dimensional quantum systems is an
important resource, which can enhance the capabilities of cer-
tain quantum communication protocols [60, 61]. Although
two Bell pairs can mimic the test of nonlocality [62] in a
4×4 entangled state, there exist the genuine four-dimensional
entangled states which cannot be decomposed into two Bell
states [63, 64]. Kraft et al presented a general theory to char-
acterize the genuinemulti-level entanglement [65]. In particu-
lar, for the two-ququart state after the Schmidt decomposition
|ψ〉AB = s0|00〉 + s1|11〉 + s2|22〉 + s3|33〉 (with the as-
sumption s0 ≥ s1 ≥ s2 ≥ s3), they prove that the quantum
state |ψ〉AB is decomposable if and only if the determinant of
matrix S = [s0, s1; s2, s3] is zero.
In the resource conversion from quantum coherence to en-
tanglement, the generated quantum state is a multi-level en-
tangled when the input single party state is multi-level co-
herent. It is an interesting problem that whether or not one
can judge the multi-level entanglement property via the ini-
tial quantum coherent state. Here, we consider a four-level
coherent state
|ϕ〉A = α0|0〉+ α1|1〉+ α2|2〉+ α3|3〉, (41)
where, without loss of generality, we assume that the moduli
of amplitudes obey the relation |α0| ≥ |α1| ≥ |α2| ≥ |α3|.
In the optimal bipartite resource conversion, the generated
entangled state is a four-level MCS ρmcAB = |ϕ〉〈ϕ|AB with
|ϕ〉AB = α0|00〉+ α1|11〉+ α2|22〉+ α3|33〉, and its multi-
level entanglement property is related to the coefficients of
initial coherent state. After analyzing the determinant of S
matrix for the MCS, we can obtain the following observation.
Observation 1. The generated two-ququart state |ϕ〉AB in
the optimal resource conversion is decomposable if and only
if the coefficients of initial coherent state satisfy the relation
|α0α3| = |α1α2|, (42)
and the quantum state is the genuine multi-level entangled
when the equality is violated.
We note that, when the initial coherent state can be de-
composed into the tensor product state of two qubits |ϕ〉A =
8(a|0〉 + b|1〉)A1 ⊗ (c|0〉 + d|1〉)A2 , the equality in Eq. (42)
is satisfied and then the generated entanglement in the con-
version is decomposable. However, when the initial coher-
ent state is not tensor product, for example, |ϕ〉A1A2 =
α|+〉|0〉+ β|−〉|1〉, the output entangled state is also decom-
posable. Therefore, we conclude that the decomposable prop-
erty of initial coherent state is only a sufficient but not neces-
sary condition for the decomposable property of the generated
entangled state in the resource conversion.
Resource dynamics is a fundamental problem in the prac-
tical quantum information processing, because quantum sys-
tems interact unavoidably with the environment and may lose
their quantum coherence or entanglement. In the operational
resource conversion between quantum coherence and multi-
partite entanglement, it is worth analyzing the dynamical be-
haviors of two kinds of resources under the typical noise en-
vironment. Here, we investigate the case of the optimal con-
version in three-qubit systems as shown in Fig. 1. The ini-
tial coherent state is chosen to be |ψ〉A = α|0〉 + β|1〉 with
real coefficients and the output MCS has the form |ψ〉mcABC =
α|000〉 + β|111〉 after the operations of two controlled-not
gates. The noise environment we consider is the depolarizing
channel E(ρ) = pI/d + (1 − p)ρ [66] with the parameter p
being the depolarization probability, under which the coherent
state and the converted entangled state are ρεA = E(|ψ〉A〈ψ|)
and ρεABC = E(|ψ〉mcABC〈ψ|), respectively. After some calcu-
lation, we can obtain the values of two operational coherence
measures
Cd(ρ
ε
A) = h(x1)− h(p/2), (43)
Cf (ρ
ε
A) = h
[
(1 +
√
1− x22)/2
]
, (44)
where h(x) = −x log2 x − (1 − x) log2(1 − x) is the binary
entropy, and the parameters are x1 = (1 − p)α2 + p/2 and
x2 = 2(1− p)αβ, respectively.
The distillable entanglement is very difficult to compute in
a generic mixed state, but the measure Ed is upper bounded
by the logarithmic negativityEN (ρ) = log2 ||ρTA ||1 [67, 68].
On the other hand, Chen et al gave a tight lower bound for en-
tanglement of formation in an arbitrary bipartite mixed state,
and for the qubit-qudit system, the lower bound can be ex-
pressed as a binary entropy function ELBf (ρ) = h[(1 +√
1− (Λ− 1)2)/2] in whichΛ can be the trace norm ||ρTA ||1
(or the norm of realignment matrix) [69]. For the generated
entangled state under the depolarizing channel, we can derive
the multipartite entanglement indicators via the corresponding
bounds of the operational entanglement measures,
τUBMED(ρ
ε
ABC) = [E
UB
d (ρ
ε
A|BC)
2 −
∑
k∈{B,C}
E2d(ρ
ε
Ak)]
1/2,
= log2(1 + ζ/4), (45)
τLBMEF (ρ
ε
ABC) = [E
LB
f (ρ
ε
A|BC)
2 −
∑
k∈{B,C}
E2f (ρ
ε
Ak)]
1/2
= h[(
√
ω +
√
2− ω)2/4], (46)
where we use the property that the operational entanglement
Ed and Ef are zero in two-qubit subsystems, and the param-
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FIG. 2: (Color online) The dynamical behaviors of quantum re-
sources along with the depolarizing parameter p and initial state coef-
ficient α, where the coherences decay asymptotically but multipartite
entanglement experience the ESD (the red solid lines).
eters are ζ = max[0, 8(1− p)|αβ| − p], ω = ||(ρεA|BC)TA ||1,
respectively.
In Fig. 2, we plot the resource measures along with the
depolarization parameter p and the state coefficient α, where
the coherencesCd andCf decay in an asymptotic way but the
multipartite entanglements τUBMED and τ
LB
MEF disappear in fi-
nite time (i.e., entanglement sudden death, ESD). After some
calculation, we have the ESD lines for the multipartite entan-
glement in the figure, which have the same expression,
p =
8α
√
1− α2
1 + 8α
√
1− α2 . (47)
These behaviors coincide with the previous study on quantum
correlation dynamics [70–73], where quantum systems expe-
rience disentanglement in a finite time under the noise envi-
ronment, even if their coherence is lost asymptotically.
IV. DISCUSSION AND CONCLUSION
In the resource conversion from coherence to entanglement,
we restrict the operation to multipartite incoherent operation
[11] which is different from the bipartite case [16, 22]. For
the generated multipartite entangled state, its distillable en-
tanglement and entanglement of formation in an arbitrary bi-
partite partition α|α¯ are upper bounded by the corresponding
operational coherences. Furthermore, the output state is mul-
tipartite entangled in general, and we have established a set of
relationships between single-party coherence and multipartite
entanglement. In particular, we have shown that the multipar-
tite generalized controlled-not operation Umcn is the optimal
operation which makes all the resource conversion relation-
ships saturated.
9For a genericN -partite quantum state ρA1A2···An , we prove
that the multipartite entanglements EMr and E
GME
f are not
larger than its operational coherences Cd and Cf , and the
bounds are saturated for the MCS. Moreover, the conversion
frommultipartite entanglement of theMCS to single-party co-
herence is restricted to the LICC [29], which makes the cyclic
resource conversion within full incoherent operation scenario.
In contrast to the LQICC protocol [9, 22], the LICC scheme
keeps the coherence of whole multipartite system from in-
creasing. In Sec. IIC, we presented the scheme of cyclic re-
source interconversion in three-qubit systems where the single
party coherence, bipartite entanglement and genuine tripartite
entanglement can be freely interconverted without the loss.
High-dimensional entanglement can enhance the capabili-
ties of quantum communication protocols [60, 61]. In the opti-
mal resource conversion from coherence to entanglement, we
have provided a method for detecting genuine bipartite multi-
level entanglement [65] via the coefficients of initial coherent
state. This method can be further generalized to multipartite
case. For anN -partite output state |ψN 〉 in the optimal conver-
sion, we can judge whether it is genuine bipartite multi-level
entangled by the initial coherent coefficients. When |ψN 〉 is
not decomposable in an arbitrary partition α|α¯, we can obtain
that the quantum state is genuine multipartite multi-level en-
tangled [65]. It should be noted that the decomposability of
initial coherent state is not equivalent to that of the generated
multi-level entangled state.
In conclusion, we have established a set of resource con-
version relationships between coherence and entanglements in
multipartite systems within full incoherent operation scenario,
where the operational resource measures and related multi-
partite quantifiers are focused. Via the multipartite incoher-
ent operation and the ACD by LICC where coherence of the
global state is not a freely available resource, we can realize
the interconversion between single-party coherence and mul-
tipartite entanglement. Moreover, through the procedure of
resource conversion, we have been able to bridge the coherent
states and genuine multi-level entangled states by the initial
coherent coefficients, and to analyze the asymptotical decay
of coherence and ESD behavior of multipartite entanglement
in a noise environment. By uncovering the operational con-
nection between coherence and entanglement in multipartite
systems, the present work provides a set of useful tools for
quantum resource theory in many-body systems.
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Appendix A: The optimal multipartite incoherent operation
The coherence resource theory formulated by Baumgratz et
al [4] can be extended into multipartite scenario [11]. The
N -partite incoherent state has the form
σn =
∑
~i
p~i|~i〉〈~i|, (A1)
where p~k are probabilities and |~i〉 = |i1〉⊗ |i2〉⊗ · · · |in〉 with|ik〉 being a pre-fixed local basis of the kth subsystem. TheN -
partite incoherent operation can be described by a completely
positive trace preserving map ΛI which has the form
ΛI(ρ) =
∑
l
KlρK
†
l , (A2)
where the set of Kraus operators {Kl} satisfies the properties∑
lK
†
lKl = I and KlIK†l ⊂ I with I being now the set of
N -partite incoherent states.
Below Eq. (24) of the main text, we pointed out that the
multipartite generalized controlled-not operation Umcn is the
optimal multipartite incoherent operation in the conversion
from quantum coherence to entanglement in multipartite sys-
tems. Here, we first show that Umcn is a multipartite inco-
herent operation. In this case, we consider that the incoherent
state σAB1...Bn is (N +1)-partite, where the pre-fixed basis is
{|i〉⊗|j1〉⊗· · ·⊗|jn〉} with |i〉 being local basis of subsystem
A and |jk〉 local basis of the kth subsystemBk. The multipar-
tite generalized controlled-not operation is unitary and can be
written as
Umcn =
d−1∑
i=0
d−1∑
j1=0
. . .
d−1∑
jn=0
|i〉〈i| ⊗ |(i + j1)mod d〉〈j1| ⊗ . . .
⊗|(i+ jn)mod d〉〈jn|, (A3)
where the dimensions of all the local systems are equal and
the operation can realize the transformation |i〉|j1〉 . . . |jn〉 →
|i〉|(i + j1)mod d〉 . . . |(i + jn)mod d〉. Moreover, when the
dimension dk of subsystemBk is larger than that of subsystem
A, the transformationUmcn does not change the prefixed basis
for jk ≥ d. In the case that the dimension dk of subsystemBk
is less than that of subsystem A, one can add an extra ancilla
B′k to the subsystem Bk, which can enlarge the Hilbert space
of the new subsystem B˜k = BkB
′
k. Therefore, the operation
Umcn maps the set of prefixed basis of multipartite systems
into itself, and then it is a multipartite incoherent operation
satisfying the property shown in Eq. (A2).
Next, we analyze the optimality of the multipartite gener-
alized controlled-not operation Umcn in the operational re-
source conversion of multipartite systems. In Theorem 1 of
the main text, we prove that the operational coherences of sin-
gle party A are not less than the generated entanglement of
multipartite systemsAB1 · · ·Bn under a multipartite incoher-
ent operation ΛI . When the initial state ρAB1···Bn is a single-
party coherent state ρA =
∑
mn ρmn|m〉〈n| accompanied by
the ancillary state σB1B2···Bn = |0〉〈0|⊗n, we can choose the
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multipartite incoherent operation ΛI to be Umcn. Then the
output state is
ΛI (ρAB1···Bn) = Umcn
(
ρA ⊗ |0〉〈0|⊗nB1···Bn
)
U †mcn
=
d−1∑
m,n=0
ρmn|mm. . .m〉〈nn . . . n|
= ρmcAB1···Bn (A4)
where ρmcAB1···Bn is the MCS in the (N + 1)-partite systems.
Since the MCS has the properties Ed(ρ
mc
α|α¯) = Cd(ρA) and
Ec(ρ
mc
α|α¯) = Ef (ρ
mc
α|α¯) = Cf (ρA) with α|α¯ being an arbitrary
bipartite partition in the multipartite systems, we can obtain
that the inequalities in Theorem 1 and Corollary 1 are satu-
rated and the operation Umcn is the optimal multipartite inco-
herent operation in the resource conversion.
It should be noted that the multipartite incoherent opera-
tion is different from that of the bipartite case. Therefore, the
results in Theorem 1 is not a trivial extension in which the sub-
systems B1B2 · · ·Bn are regarded as a whole system B. For
example, when the input state is a single-qubit maximally co-
herent state |+〉A = (|0〉 + |1〉)/
√
2 accompanied by two an-
cillary qubits |00〉B1B2 , the output state under the optimal tri-
partite incoherent operation (tripartite generalized controlled-
not gate) is a GHZ state (|000〉AB1B2 + |111〉AB1B2)/
√
2,
which is a genuine tripartite entangled state and makes the
inequalities in Theorem 1 saturated in an arbitrary partition
such as AB1|B2 and AB2|B1. Meantime, the multipartite
entanglement inequalities in Corollary 1 are saturated too.
However, when the input state is |+〉A|0〉B in 2 ⊗ 4 sys-
tems, the output state for the optimal bipartite incoherent op-
eration (bipartite controlled-not gate) is a bipartite Bell state
(|00〉AB + |11〉AB)/
√
2.
Appendix B: Monogamy property of distillable entanglement in
multi-qubit systems
In Eq. (18) of the main text, we define the multipartite en-
tanglement indicator
τMED(ρN ) = [max{0, E2d(ρA1|A¯1)−
n∑
i=2
E2d(ρA1Ai)}]
1
2 ,
(B1)
which is based on the distribution of squared distillable entan-
glement. Entanglement monogamy is an important property
in many-body quantum systems and the residual entanglement
can characterize the genuine multipartite entanglement in the
composite system.
We first analyze the monogamy relation of the squared
distillable entanglement in an N -qubit pure state |ψ〉N =
|ψ〉A1A2···An . In this case, the multipartite entanglement in-
dicator τMED(ρN ) is effective and we have the property
E2d(|ψ〉A1|A2···An)−
n∑
i=2
E2d(ρA1Ai)
≥ E2f (|ψ〉A1|A2···An)−
n∑
i=2
E2f (ρA1Ai)
≥ 0, (B2)
where Ed(|ψ〉A1|A2···An) quantifies bipartite distillable en-
tanglement in the N -qubit system and Ed(ρA1Ai) two-qubit
distillable entanglement, the relations Ed(|ψ〉A1|A2···An) =
Ef (|ψ〉A1|A2···An) and Ef (ρA1Ai) ≥ Ed(ρA1Ai) are used in
the first inequality, and the monogamy property of E2f [47] is
utilized in the second inequality.
For the case of mixed states ρA1A2···An , it is still an open
problem that whether the distillable entanglement is monoga-
mous. However, when the residual entanglement is positive,
namely, E2d(|ψ〉A1|A2···An) −
∑n
i=2 E
2
d(ρA1Ai) > 0 , the in-
dicator τMED can indicate that there exists genuine multipar-
tite entanglement which cannot be stored in two-qubit sub-
systems. For example, in the optimal resource conversion
from coherence to entanglement, the output state has the form
ρmcN+1 = ρ
mc
AB1B2···Bn
=
∑d−1
m,n=0 ρmn|mm. . .m〉〈nn . . . n|.
Since all the two-qubit reduced states of ρmcN+1 are separable,
we have
τMED(ρ
mc
N+1) = [E
2
d(ρ
mc
A|B1B2···Bn
)−
n∑
i=1
E2d(ρA1Bi)]
1/2
= Ed(ρ
mc
A|B1B2···Bn
), (B3)
which indicates the existence of the genuine multipartite en-
tanglement in multi-qubit systems. Moreover, it is a similar
situation for the entanglement dynamics under depolarizing
noise that the nonzero τUBMED(ρ
ε
ABC) indicates the genuine
three-qubit entanglement as shown in Fig. 2 of the main text.
Appendix C: The optimality of Umcn for multipartite
entanglement conversion
In Theorem 2 of the main text, when the initial single-party
coherent state ρA =
∑
ρmn|m〉〈n| accompanied by ancilla
state being in |00 · · · 0〉B1B2···Bn , the output state under mul-
tipartite generalized controlled-not operation Umcn is
ρmcAB1B2...Bn =
d−1∑
m,n=0
ρmn|mm. . .m〉〈nn . . . n|. (C1)
For this output state, the multipartite relative entropy of entan-
glement has the property
EMr (ρ
mc
AB1B2...Bn) = S(ρ
mc
AB1B2...Bn ||σN+1s )
= S(ρmcAB1B2...Bn ||σA|B1B2···Bns )
≥ Er(ρmcA|B1B2···Bn)
≥ S(ρdA)− S(ρmcAB1B2···Bn)
= Cd(ρA), (C2)
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where in the first equality we use the nearest (N + 1)-partite
separable state σN+1s for multipartite relative entropy of en-
tanglement, in the second equality we cut the (N + 1)-partite
separable state into bipartite partition A|B1B2 · · ·Bn which
results in the relative entropy being not less than the bipar-
tite relative entropy of entanglement, in the second inequality
we use the lower bound for Er(ρ) [35, 36], and in the last
equality we use the relation S(ρmcAB1B2···Bn) = S(ρA) and the
definition of the distillable coherence. Combining the relation
Cd(ρA) ≥ EMr [ΛI(ρA ⊗ σB1B2···Bn)] in Theorem 2 with Eq.
(C2), we have
EMr (ρ
mc
AB1B2...Bn) = Cd(ρA), (C3)
and then the multipartite generalized controlled-not operation
Umcn is the optimal multipartite incoherent operation. Next,
we consider the GME based on entanglement of formation,
for which the value of ρmcAB1B2...Bn under optimal pure state
decomposition {pi, |ψi〉} is
EGMEf (ρ
mc
AB1B2···Bn) =
∑
i
piE
GME
f (|ψi〉)
=
∑
i
piEf (|ψi〉α|α¯)
=
∑
i
piEf (|ψi〉A|B1B2···Bn)
=
∑
i
piCf (|ψi〉AB1B2···Bn)
= Cf (ρ
mc
AB1B2···Bn)
= Cf (ρA), (C4)
where in the second equality we use the minimal entangle-
ment in bipartite partition α|α¯, in the third equality we use
the property that any |ψi〉 in the support of the MCS has the
form |ψi〉 =
∑
j qj |jj · · · j〉 with
∑
j |qj |2 = 1 and the min-
imal entanglement can choose the partition A|B1B2 · · ·Bn,
in the fourth equality the property Ef (|ψi〉) = Cf (|ψi〉), and
the last equality holds since ρAB1B2···Bmn c and ρA have the
same nonzero matrix elements. Therefore, we obtain that the
multipartite generalized controlled-not operation Umcn is op-
timal in the resource conversion from single party coherence
of formation to the GME based on entanglement of formation.
In Theorem3 of the main text, we prove that, in the resource
conversion via multipartite incoherent operation, the opera-
tional coherences of single-party system are not less than the
multipartite entanglement indicators based on operational en-
tanglements. When we choose the operationUmcn, the output
state is the MCS state in Eq. (C1) for which its multipartite
entanglement indicators are
τMED = Ed(ρ
mc
A|B1B2···Bn
) = Cd(ρA), (C5)
τMEF = Ef (ρ
mc
A|B1B2···Bn
) = Cf (ρA), (C6)
where we use the property of MCS that its two-qubit reduced
state ρABi is separable, and the operational entanglements of
MCS are equal to the operational coherences. Such that the
Umcn is optimal.
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